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Introduction
Functionally graded (FG) sandwich structures are advanced composite materials that have smooth variations of material properties to eliminate the stress concentrations at the interfaces between faces and core found in conventional sandwich structures. These advanced structures are recently developed for various engineering applications where strong stiff and light structures are required. Typically, the FG sandwich plate faces are made from a mixture of ceramic and metal constituents which are continuously varied while the core is fully homogeneous material.
Increase of FG material applications in engineering structures has led to the development of many plate theories to predict accurately the bending, buckling and vibration behaviours of FG plates. The classical plate theory (CPT) (Feldman and Aboudi 1997 , Javaheri and Eslami 2002 , Mahdavian 2009 , Mohammadi et al. 2010 , Chen et al. 2006 , Baferani et al. 2011 ) yields acceptable results only for the thin plates, whereas accuracy of the first-order shear deformation theory (FSDT) (Mohammadi et al. 2010 , Croce and Venini 2004 , Efraim and Eisenberger 2007 , Zhao et al. 2009a , b, Lee et al. 2009 , Hosseini-Hashemi et al. 2011 , Naderi and Saidi 2010 , Nguyen-Xuan et al. 2012 , Thai and Choi 2013a ) depends on the shear correction factor. Higherorder shear deformation theories with five unknown functions, which are included third-order shear deformation plate theory (TSDT), sinusoidal shear deformation plate theory (SSDT), hyperbolic shear deformable plate theory (HSDT), exponential shear deformation plate theory (ESDT), predict more accurate the response of moderate and thick FG plates (Reddy 2000 , Zenkour 2006 , Matsunaga 2008 , Chen et al. 2009 , Pradyumna and Bandyopadhyay 2008 , Gilhooley et al. 2007 , Talha and Singh 2010 , Mantari and Soares 2012 , 2013 , Neves et al. 2012a , b, Jha et al. 2013 , Thai and Kim 2013 , Thai and Choi 2013b , Zenkour 2013 . Some studies on response of FG sandwich plates have been carried out using higher-order shear deformation theories. Hamidi et al. (2012) and Abdelaziz et al. (2011) studied bending response, while Meiche et al. (2011) investigated vibration and buckling analysis of FG sandwich plates. Sobhy (2013) examined the vibration and buckling behavior of exponential FG sandwich plates resting on elastic foundations under various boundary conditions. By using quasi-3D higher-order shear deformation theories, which the stretching and shear deformation effects are taken into account, Neves et al. (2012c) and Zenkour (2013) investigated bending analysis, while Bessaim et al. (2013) focused on both bending and free vibration of FG sandwich plates. A n-order shear deformation theory and a 3D linear theory of elasticity were proposed by Xiang et al. (2011) and Li et al. (2008) for free vibration of FG sandwich plates. Literature surveys reveal that although there are some research works reported on FG sandwich plates, the studies on bending, buckling and vibration responses of these structures in a unified fashion are a few in number. By using different shear deformation theories, Zenkour (2005a, b) investigated bending, vibration and buckling problem of sandwich plates with FG faces and homogeneous hardcore. These problems were also solved by Neves et al. (2013) by using a quasi-3D high-order shear deformation theory and a meshless technique. Thai et al. (2014) presented a new FSDT for sandwich plates composed of FG face sheets and an isotropic homogeneous core.
The objective of this study is to propose a higher-order shear deformation theory for bending, vibration and buckling analysis of FG sandwich plates in a unified fashion. The proposed theory contains only four unknowns, accounts for a hyperbolic distribution of transverse shear stress and satisfies the traction free boundary conditions. Equations of motion are derived from Hamilton's principle. The Navier-type and finite element solutions are derived for plate with simply-supported and various boundary conditions, respectively. Numerical results are obtained for FG sandwich plates with homogeneous hardcore and softcore to investigate the effects of the power-law index, thickness ratio of layers and side-to-thickness ratio on the deflections, stresses, critical buckling loads and natural frequencies.
Problem formulation
Consider a three-layer sandwich plate as in Fig. 1 . The face layers are made of a ceramic-metal material and the core layer is constituted by an isotropic material. The vertical positions of the bottom and top surfaces, and of two interfaces between the layers are denoted by 0 1 2 3 / 2, , , / 2 h h h h h h = − = , respectively. Here, h is the plate thickness, 1 2 , h h vary according the thickness ratio of layers. 
Kinematics and strains
The displacement field of the present study is expressed by: 
where the comma indicates partial differentiation with respect to the coordinate subscript that follows, the shape function ( ) z y at location z is given by (Grover et al. 2013) :
and , , b u v w and s w are the four unknown displacements of the mid-plane of the plate. The inplane and out-of-plane strains associated with the displacement field in Eq. (1) are obtained: 
where ( ) ,  ,  0  1  2  ,  ,  ,   0  1  2  , , , 
Eqs. (3a) and (3b) can be rewritten in a compact form as:
Equations of motion
Hamilton's principle is herein used to derive the equations of motion:
where U d , V d , and K d are the variations of strain energy, work done, and kinetic energy, respectively. The variation of strain energy is calculated by: 
where N , M , and Q are the stress resultants defined by: 
, ,
The variation of work done by in-plane loads N and transverse loads q is expressed by:
where 
where the dot-superscript convention indicates the differentiation with respect to the time variable
is the mass density, and the inertia terms , , 
Constitutive equations
The effective material properties of FG sandwich plates according to the power-law form can be expressed by:
where t P and b P are the Young's moduli ( E ), Poisson's ratio (ν ), mass densities ( ρ ) of materials located at the top and bottom surfaces, and at the core, respectively. The volume fraction function
defined by the power-law form as follows: for ,
where p is a power-law index, which is positive. Distribution of material with b V through the plate thickness for the thickness ratio of layers (1-1-1) is displayed in Fig. 2 . The linear constitutive relations of the j-th layer of FG sandwich plates are written as: 
where , , , , , 
where
is reduced stiffness matrix of the j-th layer. Similarly, using Eqs. (3b), (15b) and (8d), the transverse shear forces can be calculated from the constitutive equations as:
or in a compact form as:
where the shear stiffnesses 
Equations of motion
Substituting Eqs. (17) and (20) 
Analytical solution for simply-supported FG sandwich plates
Consider a simply supported FG rectangular sandwich plate with length a and width b (Fig.  1) . The Navier solution procedure is used to obtain the analytical solutions for the simplysupported boundary conditions, which are given by: Substituting Eqs. (24) and (25) 
Eq. (26) is a general form for bending, buckling and free vibration analysis of FG sandwich plates under in-plane and transverse loads. In order to solve bending problem, the in-plane compressive load 0 N and mass matrix M are set to zeros. The critical buckling loads ( cr N ) can be obtained from the stability problem 0 ij K = while the free vibration problem is achieved by omitting both in-plane and transverse loads.
Finite element formulation
Weak forms of Eqs. (12a)-(12d) on the element domain e A can be obtained as follows: 
Substituting Eqs. (29a)- (29d) 
where the coefficients of the stiffness matrix , K G , mass matrix M and force vector F are defined as follows: 
Numerical results and discussion
In this section, a number of numerical examples are analyzed to verify the accuracy of present study and investigate the deflections, stresses, natural frequencies and critical buckling loads of FG sandwich plates. Two material combinations of metal and ceramic: Al/ZrO 2 and Al/Al 2 O 3 are considered. Their material properties are given in Table 1 ). Due to the symmetry, only quarter-plate model is used in the finite element modeling to reduce computational cost. A convergence study is carried out and the mesh size of 4×4 is sufficient to obtain an accurate solution. Unless mentioned otherwise, two cases of SSSS FG sandwich plates are considered:
• 
where m E and m ν are the Young's modulus and Poisson's ratio of metal, respectively. 
Results for bending analysis
For verification purpose, the center deflections, axial and transverse shear stresses of Al/ZrO 2 sandwich plates under sinusoidal loads are calculated in Tables 2-4. The present results are compared with those predicted by different shear deformation theories (FSDT, TSDT, SSDT and quasi-3D). It can be seen that the obtained results agree well with those reported by Zenkour (2005a Zenkour ( , 2013 , Neves et al. (2012c) and Bessaim et al. (2013) , except some values of transverse shear stress. The present analytical solutions are better predictions with quasi-3D ones, which included both transverse shear and normal deformations, than TSDT and SSDT ones. The effects of the power-law index, thickness ratio of layers and side-to-thickness ratio on deflections, axial and shear stresses of Al/Al 2 O 3 sandwich plates with homogeneous hardcore and softcore are given in Tables 5-7 . It can be seen that with the increase of power-law index, the deflections increase for sandwich plates with homogeneous hardcore, and decrease for ones with homogeneous softcore (Figure 3 ). The variations of axial and shear stresses through the thickness of (1-2-1) sandwich plate with homogeneous hardcore are plotted in Figure 4 . The maximum axial stress is located inside the plate for 0 p > . For example, with 10 p = maximum axial stress is located at the interfaces of faces and core. Meanwhile, the maximum shear stress is located in the mid-plane of the plate (Figure 4b) .
To further verify the accuracy of the present theory, Table 8 shows the comparison of the deflections of a thick Al/ * ZrO 2 CCCC square plate under uniform loads ( / 5 b h = ). It can be seen that the obtained finite element solutions are close to those generated by Gilhooley et al. (2007) using a quasi-3D theory, and those of Nguyen-Xuan et al. (2012) and Lee et al. (2009) using the FSDT. The effects of the boundary conditions, the power-law index and thickness ratio of layers on deflections, axial and shear stresses of Al/ZrO 2 sandwich plates with homogeneous hardcore are given in Tables 9-11 and the variation of nondimensional axial and transverse shear stresses through the thickness of (2-2-1) Al/ZrO 2 CCCC sandwich plates is plotted in Fig. 5 . It is seen that the deflections increase with an increase of the power-law index, lowest and highest ones correspond to the CCCC and CFCF cases, respectively.
Results for vibration and buckling analysis
To verify the accuracy of the present theory in predicting the vibration and buckling behavior of Al/Al 2 O 3 sandwich plates, their fundamental frequencies and critical buckling loads are calculated. Tables 12-15 contain the fundamental frequencies and critical buckling loads for six types of SSSS sandwich plates with different values of the power-law index. For buckling analysis, two types of in-plane loads: uniaxial compression ( 0 γ = ) and biaxial compressions ( 0.5, 1 γ γ = = ) are considered. It should be noted that the solutions reported by Li et al. (2008) were based on 3D linear theory of elasticity, whereas Zenkour (2005b), Meiche et al. (2011) and Bessaim et al. (2013) were based on a TSDT, SSDT and HSDT as well as quasi-3D. It is clear that the results of present study again agree well with previous solutions , Li et al. 2008 . Besides, it is found that for vibration, the present solutions are more in close agreement with those of Bessaim et al. (2013) and Li et al. (2008) than with those of Meiche et al. (2011) and in many cases. It implies that the proposed theory predicts more accurate than TSDT, SSDT and HSDT's model. Figures 6 and 7 show the fundamental frequencies and critical buckling loads of sandwich plates with respect to the power-law index. It can be seen from these figures that with the increase of the power-law index, they decrease for sandwich plates with homogeneous hardcore, and increase for ones with homogeneous softcore. Moreover, the effects of the boundary conditions on the fundamental frequency and critical buckling loads are also given in Tables 16 and 17. It is noticeable from Tables 5 and 12-17 and Figures 3, 6 and 7 that, for homogeneous hardcore, the lowest and highest values of deflection correspond to the (1-2-1) and (1-0-1) sandwich plates, and conversely for results of buckling load and natural frequency, respectively. It is due to the fact that these plates correspond to the highest and lowest volume fractions of the ceramic phase, and thus makes them become the hardest and softest ones. Finally, the effects of the power-law index and side-to-thickness ratio on the first three natural frequencies and the critical buckling loads of (2-2-1) sandwich plate with homogeneous softcore is displayed in Figure 8 . It is evident that they increase with an increase of the side-to-thickness ratio, and shear deformation effect becomes very effective in a relatively large region ( / 40 b h ≤ ) (Figure 8 ). Three groups of curves are seen, for vibration analysis, the highest group is for the third mode ( 1, 3 m n = = ) and the lowest group is for the first mode ( 1, 1 m n = = ), for buckling analysis, the highest group is for the case of 0 γ = (uniaxial compression) and the lowest group is for the case of 1 γ = (biaxial compression).
Conclusions
A refined higher-order shear deformation theory for bending, vibration and buckling analysis of FG sandwich plates is proposed in this paper. It contains only four unknowns, accounts for a hyperbolic distribution of transverse shear stress and satisfies the traction free boundary conditions. Equations of motion are derived from Hamilton's principle. The Navier-type and finite element solutions are derived and compared with the existing solutions to verify the validity of the developed theory. Numerical results are obtained for FG sandwich plates with homogeneous hardcore and softcore to investigate the effects of the boundary conditions, power-law index, thickness ratio of layers and side-to-thickness ratio on the deflections, stresses, critical buckling load and natural frequencies. It is observed that the present theory with four unknowns predicts the response with more accuracy and less computational cost as compared with five unknowns shear deformation theories. 19581 0.19581 0.19581 0.19581 0.19581 0.19581 Present (FEM) 0.19706 0.19706 0.19706 0.19706 0.19706 0.19706 Zenkour (2005a) (FSDT) 0.19607 0.19607 -0.19607 0.19607 0.19607 Zenkour (2005a) (TSDT) 0.19606 0.19606 -0.19606 0.19606 0.19606 Zenkour (2005a) 
